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The next few years are likely to lead to an increasing study of complexity in the context of 
statistical dynamics,  with a view to better understanding physical, economic, social, and 
especially biological systems. 


It will be an exciting time. 


As science turns to complexity, one must realize that complexity demands attitudes quite 
different from those heretofore common in physics. 

Goldenfeld & Kadanoff, Science, 1999

https://www.science.org/doi/10.1126/science.284.5411.87



https://www.sciencedirect.com/science/article/pii/S1631070519300350



Canonical modeling in physics
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Conservation of Energy (micro-canonical ensemble)

position momentum

energy

Example: V(x) = gx2

Harmonic oscillator

Credit : wikipedia



Canonical modeling in physics, in contact with heat reservoir  

·x = p
m

, ·p = − γp − dV(x)
dx

+ χ

E(x, p) = p2

2m
+ V(x)
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Conservation of Energy (canonical ensemble)

position momentum

Internal energy

dissipative force

random force (thermal)

Tk = p2

2m
= kBT

Thermalization (equipartition in 2D)

Credit : wikipedia

P(p) = 1
Z

e− p2
2mkBT

Maxwell-Boltzmann distribution



Particles in Physics are identical

They are passive:  lack ‘behavior’ 

They are purposeless:  lack intention

The situation is completely different for agents in complex systems

This requires ability to exert forces that underlie behavior, and make choices between courses of action

This requires reservoirs of both energy and information



Strategic active agents manage resources purposefully in stochastic environments  

daily hustle

“equilibrium”

growth

resources

The general agent in complex systems



Structure

Statistics

Growth

Statistical Dynamics 

energy and information management

Exponential random processes

Scale invariant spatial equilibrium

Urban Scaling

inequality: lognormal, Zipf

learning, social dynamics

This has a macroscopic expression for complex systems, such as cities 



1. Behavior 

self-propelled force, selecting position and velocity

Conservation of energy:

Work done by the self-propelling force

over a cycle

Observed energy is now dominated by behavioral forces
The temperature is the work per unit of dissipation

small

depends on statistics of  w̄a

[γ] = 1/t



Α Model of Resource Dynamics 

change in resources

stock: wealth, energy

“spatial equilibrium”

savings rate = growth rate 

growth

definition

Solution:

noise: Normal

dr(t)
dt

= y(t) − c(t) = ηr(t)r(t) “one-good wealth accumulation model”

2. Energy dynamics

e.g. Pikettyincome cost



Two independent parameters:

Exponential random processes

average growth rate “volatility”

η̄r σr

minimizemaximize

control: households, government learning of relevant information

at different scales

Inequality 

stability, resilience change through new knowledgeObjectives:

γ = η̄r − σ2
r /2

Growth rate



Consequences: zero average, standard deviation: σΘ = σr t

∼ σr t

The average growth rate over long times  
becomes a simple number

There is a minimum time to see through the  
“fog” of sort term  fluctuations.

lognormal statistics !! Central Limit Theorem -> Gaussian

ergodicity (population dynamics)

proportional to the uncertainty (volatility, std) between relative income and costs

people with a lot of uncertainty do not see growth as a possibility 

1. 

2. 

3. 

The counter intuitive consequences of stochastic geometric growth

= γr



Net Growth Requires Low Fluctuations

γ = η − σ2

2
effective growth rate

start ups

poverty

risk-pooling

Phase diagram

le
ar

ni
ng



Poverty is a low resources, high volatility state

lower effective growth rates, unclear horizons 

from: Income Gains and Month-to-Month Income Volatility: Household evidence from the US Financial Diaries1 Hannagan + Morduch  (2015)

higher volatility at lower incomes

Can this be studied using registry data in the Netherlands?



How to lower volatility?   How to derive lognormal and power law statistics?



https://www.science.org/doi/epdf/10.1126/sciadv.aat8812



Feedback Control is a big part of your life



Self-driving cars Balancing humans and robots

“error free” computers

“stable”  airplanes



Want low fluctuations:

= b(t) − a(t) = η̄ + u(t) − v(t) = η̄ + ϵ(t)

definition definitionincome  
fluctuations

choice  
expenditures

when I have more money can spend more and vice-versa

need to average (smoothen) expenditures and incomes over some time 
month, season, year

Consumption Smoothing



How Control theory works:

Time costs to track income fluctuations  

PID Controller

This gives a simple dynamics for errors

noisy spring

error wants to vanish noise

Statistics of error is “under control”:

quality of control



Why are relative incomes and costs correlated?

growth rates become Gaussian    &      growth is geometric and random

damped harmonic oscillator + noise

σ2
ϵ = 2Ω2 kP + 1

kI
controlled by time-averaging of error

“Consumption Smoothing”



At larger (population) scales, there are many more mechanisms:

- insurance 

- pension funds 

- government social services 

- corporate ‘bail-outs’ 



How to increase growth rates?



http://www.fortunesformula.com/



Investment and information 

r′ → o(ei)f(ei |s)r
initial resourcesnew resources

payoff > 1 state of the world

signal

r(T) = ΠT
t=1o(et)f(et |st)r(0)after T steps:

η̄r = lim
T→∞

1
T

ln r(T)
r(0)

= vT ∑
i

P(ei, si)ln f(ei |s)o(ei)average growth rate:

Inter temporal optimization: sequential investment in stochastic environmental outcome
3. Information



Maximal Growth Rate:

η̄r = lim
T→∞

1
T

ln r(T)
r(0)

= vT ∑
e,s

P(e, s)ln f(e |s)o(e)

f(e |s) → P(e |s)best allocation:

fair odds: (worst case = “efficient markets”)o(e) → 1/P(e)

η̄*r = vT ∑
e,s

P(e, s)ln P(e, s)
P(e)P(s)

= vT I[E; S] Shannon’s Mutual Information 

This is also the Optimal Predictor of Environment |Signal ~ Bayes ~Machine Learning

~maximal fitness

Simple intertemporal optimization without discounting



Ultimately, this involves developing a new theory of optimal choice:

- intertemporal  (life course) 

- deals with uncertainty 

- social networks, power, distribution: organizations 

better than ‘rational choice theory’, beyond behavioral economics

- consistent across scales

https://www.sciencedirect.com/science/article/pii/S2352250X1930123X?via=ihub



Population dynamics of growth and learning



https://onlinelibrary.wiley.com/doi/10.1111/j.1756-8765.2009.01047.x

IUS Ch 9



https://www.sciencedirect.com/science/article/pii/S0378437122007385

Jordan Kemp

https://academic.oup.com/pnasnexus/article/2/4/pgad093/7083303



Growth rates for individuals vs collectives 

Is the growth rate for a city the average of the growth rates for individuals? 

Not in general:

average wealth

growth of wealth per capita in a population

average of product

average rate “selection”



Consequences:

positive: richer people get higher growth rates

negative: richer people get lower growth rates

correlation between resources and rates

anti-correlation between resources and rates

What situation gives the highest overall growth rates?

What situation gives the lowest inequality?

average corrected by co-variance



This is an instance of a very general result

Price Equation of Selection: γ̄Δz̄ = covar(z, γ) + E[γΔz]

average

trait change

average

growth rate

Pure selection Δγ̄ =
σ2

γ

γ̄
≥ 0.

z = γ Fisher’s Fundamental Theorem

Selection in a heterogeneous population creates growth

 Monopoly arrests growth increases to the dominant type 

Increasing growth in a population or maintaining it under obsolesce

requires maintaining population diversity 

This is a large-scale, long term result



For  agents we get:N

For 2 agents we get:

Coordination given environmentCoefficient of redundancy



Properties of Information and Institutions

Many problems need organizations: firms, NGOs, governments

I(E; {S1, S2, . . . , SN})

Information in a group

=
N

∑
i=1

I(E; Si) independence 

redundancy 

synergy >

<

The advantage of collective action requires synergy : diverse collective institutions

more than the sum of the parts

Bettencourt, Topics in Cognitive Science, 2009



Δri = BiI(E; {S1, S2, . . . , SN})ri(0) − Ci

compare individual action to collective production

Δri = I(E; S1)ri(0) − ci

Collaborating in the groups is preferred when:

BiI(E; {S1, S2, . . . , SN}) > I(E; Si) +
Ci − ci

ri(0)

strong synergy

‘fair’ re-distribution of gains
low costs of collective action vs individual cost

low individual information

to evaluate quality of an institution  (group)

cities / firms are good at strong synergies, lower collective costs; but not always fair distribution

Individual knowledge collective knowledgedistribution

of collective gains

collective  costs



Redundancy

Diversity + Complementarity 

A.

B.

Poor

Rich

autarky (subsistence)

cosmopolitanism



Human development as a network process (in cities)


1. Measuring Human Development across scales

https://www.nature.com/articles/s42949-023-00088-y

Suraj Sheth



basic capabilities

not money, goods, freedom,…

“capabilities approach”

agency empowerment

+ Martha Nussbaum

Critique of 
  
1. Marginal Utility 
2.  Total Utility (welfarism) 
3. Rawls Liberalism

https://www.ophi.org.uk/wp-content/uploads/Sen-1979_Equality-of-What.pdf

https://ir.lawnet.fordham.edu/cgi/viewcontent.cgi?article=3391&context=flr

Procedural Inequality:



Country and City Human Development Index (HDI) values

Country HDI 2010 City HDIHDI value

credit: UNDP Human Development Report 2013

Broad Human Development is a Feature of Larger Cities  !



Human Development Index 

HDIi = (educationi . life expectancyi . real incomei)
1/3

“measures the ability of human populations to lead, long, healthy and fulfilled lives”

The US is now # 17

Mahbub ul Haq

because of health and educational inequality



Human Development Index

Long, Healthy Life Knowledge Choice+Decent Living Standard

Life Expectancy  Education  Real Income

Life Expectancy
at birth

Expected  + Mean
years of schooling

Real Personal Income
normalized to National GNI/capita

A. C. D.

E.

China

Mexico

Russia

Portugal

Italy Norway

nation to states state to counties county/city to neighborhoodsworld to nationsB.

https://communityhdi.org/Check out the interactive map at:

HDI increases with city size

inequality increases with city size faster

https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3961750



better than Norway

worse than China or Mexico

Measuring the Human Development of Chicago neighborhoods

credit: Neil Sheth (UChicago)

https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3961750



https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3961750



https://communityhdi.org/Check it out:





https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3961750



“Anna Karenina Principle” of Human Development 
A deficiency in any one of a number of factors dooms an endeavor to failure. 
Consequently, a successful endeavor (subject to this principle) is one for which every possible deficiency has been avoided.

All high human development communities are alike (“no problems”);  
                                    but each low human development community is challenged in its own way

Solution: ensure systemic human capabilities  = education and health and decent real income 

https://en.wikipedia.org/wiki/Anna_Karenina_principle

Job

Health

TransportationEducation

Shopping

Clean Air

Nature

Safety

Water
Recreation

Child Care

Housing

All vary together with human development



Christa Brelsford

Taylor Martin

https://www.science.org/doi/10.1126/sciadv.aar4644

Human development as a network process (in cities)

2. Incipient city networks and spatial network development


can we accelerate it, and make it better?

Nico Marchio Satej Soman

Cooper Nederhood

Annie Beukes







https://sdinet.org



Mapping households is very slow and labor intensive

https://knowyourcity.info



Street

Old Fadama, Accra, Ghana

Reblocking !

Every building gets street access, an address, services.





Kart Gottlieb Ehler

Leonard Euler

???

“This question is so banal, but seemed to me worthy of attention in that [neither] geometry, 
nor algebra, nor even the art of counting was sufficient to solve it.” 

“geometria situs” —> topology

https://www.pnas.org/doi/10.1073/pnas.1904847116



https://mathworld.wolfram.com/KoenigsbergBridgeProblem.html

number of bridges must be even, expect at starting and finishing points

3

3

35

All odd degre: Eulerian circuit is not possible !

Geometry —> Topology —> Graph Theory degree



χ 1−b
The Euler characteristic of a city with b blocks

Equivalent to a disk with b holes

The General Topology of Cities

Street Network

Buildings (parcels)

Every city is topologically like this, but geometry varies



Weak dual graphs

k=3:  one layer in from street 



Algorithm for analyzing the topology of any city :  And identify buildings without accesses



And estimate where minimal additional accesses may go

Steiner Tree Problem on block graph





Understanding settlements from global to local scales

“Block” unit

Freetown

Sierra
Leone

Building footprints

Dwarzark

Kroo BayK
a global map (of cities) neighborhood by neighborhood



Detecting informality down to the street block

“Block” unit

Building footprints

Dwarzark



© University of Chicago

Mapping informality and population in Freetown

Total Population: 880,537

requires
major

interventions

requires
minor extensions

of streets+services

Spectrum of informality



© University of Chicago

New indicators for measuring development in cities

Total Population: 880,537

31,712
24,789

17,995

not dense !
there’s space 

for building street networks and services



https://www.cnn.com/2020/02/26/africa/nigeria-makoko-mapping-intl/index.html



Every city, town and hamlet: every block
New block level data worldwide



… to the continent.



Human development and connectivity

From international human and health surveys



The MIT Press

https://mitpress.mit.edu/books/introduction-urban-science

Thank you !

More on the complex systems, science of cities and lots of data:

https://luisbettencourt.org


