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Diagonalising matrices
A matrix is a linear operator mapping a vector space onto another vector space (or itself).

v ! w = Mv

<latexit sha1_base64="HlW3iduQM1n92d6AS47VLS2j2HU=">AAACEHicbVC7SgNBFJ2Nrxhf66OzGQyiVdgVQS3EgIg2QgTzgOwSZiezyZDZBzOzCXHZT7DxQ2xsLBSxTWlnmT9xskmhiQcuHM65l3vvcUJGhTSMby0zN7+wuJRdzq2srq1v6JtbFRFEHJMyDljAaw4ShFGflCWVjNRCTpDnMFJ1Opcjv9olXNDAv5f9kNgeavnUpRhJJTX0g9hyXNhNoMVpqy0R50EPplovgefwFk78hp43CkYKOEvMCclfDIbXzzsPw1JD/7KaAY484kvMkBB10wilHSMuKWYkyVmRICHCHdQidUV95BFhx+lDCdxXShO6AVflS5iqvydi5AnR9xzV6SHZFtPeSPzPq0fSPbVj6oeRJD4eL3IjBmUAR+nAJuUES9ZXBGFO1a0QtxFHWKoMcyoEc/rlWVI5KpjHhbM7I1+8AmNkwS7YA4fABCegCG5ACZQBBo/gBbyBd+1Je9U+tM9xa0abzGyDP9AGPxvSoHA=</latexit>

Which can be understood e.g. by considering the linear equation:

u = Av

Mu = MAv = MAM�1Mv

ũ = Ãṽ

<latexit sha1_base64="onibh1rT5sieP5VKCTfk6AKDEXw="></latexit>

A square non-singular matrix can be viewed as a change of coordinates (rotation and 
scaling) in a vector space. Such a change of coordinates (defined by a matrix M) affects 
vectors (v) and matrices (A) as:

v ! ṽ = Mv

A ! Ã = MAM�1

<latexit sha1_base64="1hPZPvwHdmcbG7+qTF2QsvUqnnc="></latexit>

(similarity transformation)



Diagonalising matrices, cont.
Typically, there exists a similarity transformation T such that:

A ! TAT�1 = D

<latexit sha1_base64="uv/38KxVj9mFZtDgEivmem6W33Q=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvixjIjBXUhtOrCZYW+oB1LJs20oZlkSDJKGbpz46+4caGIW3/BnX9j2s5CqwcuHM65l3vv8SNGlXacLyszN7+wuJRdzq2srq1v2JtbdSViiUkNCyZk00eKMMpJTVPNSDOSBIU+Iw1/cDn2G3dEKip4VQ8j4oWox2lAMdJG6ti7ZXgA25L2+hpJKe5hFZZh9TY5ckfwHF517LxTcCaAf4mbkjxIUenYn+2uwHFIuMYMKdVynUh7CZKaYkZGuXasSITwAPVIy1COQqK8ZPLHCO4bpQsDIU1xDSfqz4kEhUoNQ990hkj31aw3Fv/zWrEOTr2E8ijWhOPpoiBmUAs4DgV2qSRYs6EhCEtqboW4jyTC2kSXMyG4sy//JfXjglssnN0U86WLNI4s2AF74BC44ASUwDWogBrA4AE8gRfwaj1az9ab9T5tzVjpzDb4BevjGxsjlu0=</latexit>

where D is a diagonal matrix. What is at the structure of T?

Avi = �ivi

uT
i A = �iu

T
i

<latexit sha1_base64="Gc+P00blHaJLdk5M+hGBxGWhv/A="></latexit>

right eigenvectors

left eigenvectors
vi = ui

<latexit sha1_base64="aC3QyxKT8VCocwZFndCKb6tK4wo=">AAACAnicbVDLSsNAFL3xWesr6krcDBbFVUmkoC6EohuXFewD2hAm00k7dPJgZlIoobjxV9y4UMStX+HOv3GSZqGtBy6cOede5t7jxZxJZVnfxtLyyuraemmjvLm1vbNr7u23ZJQIQpsk4pHoeFhSzkLaVExx2okFxYHHadsb3WZ+e0yFZFH4oCYxdQI8CJnPCFZacs3DtOf5aDx1GTpF1yh/JVPksrJrVqyqlQMtErsgFSjQcM2vXj8iSUBDRTiWsmtbsXJSLBQjnE7LvUTSGJMRHtCupiEOqHTS/IQpOtFKH/mR0BUqlKu/J1IcSDkJPN0ZYDWU814m/ud1E+VfOikL40TRkMw+8hOOVISyPFCfCUoUn2iCiWB6V0SGWGCidGpZCPb8yYukdV61a9Wr+1qlflPEUYIjOIYzsOEC6nAHDWgCgUd4hld4M56MF+Pd+Ji1LhnFzAH8gfH5A3jVlZE=</latexit>

for symmetric matrices

ui · vj = 0 if �i 6= �j (calculate uT
i Avj in two di↵erent ways...)

<latexit sha1_base64="fAgydS/yzc6J34UZUWjNDpkJ88c="></latexit>

Recall eigenvalues and eigenvectors:



Diagonalising matrices, cont.
A ! TAT�1 = D

<latexit sha1_base64="uv/38KxVj9mFZtDgEivmem6W33Q=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvixjIjBXUhtOrCZYW+oB1LJs20oZlkSDJKGbpz46+4caGIW3/BnX9j2s5CqwcuHM65l3vv8SNGlXacLyszN7+wuJRdzq2srq1v2JtbdSViiUkNCyZk00eKMMpJTVPNSDOSBIU+Iw1/cDn2G3dEKip4VQ8j4oWox2lAMdJG6ti7ZXgA25L2+hpJKe5hFZZh9TY5ckfwHF517LxTcCaAf4mbkjxIUenYn+2uwHFIuMYMKdVynUh7CZKaYkZGuXasSITwAPVIy1COQqK8ZPLHCO4bpQsDIU1xDSfqz4kEhUoNQ990hkj31aw3Fv/zWrEOTr2E8ijWhOPpoiBmUAs4DgV2qSRYs6EhCEtqboW4jyTC2kSXMyG4sy//JfXjglssnN0U86WLNI4s2AF74BC44ASUwDWogBrA4AE8gRfwaj1az9ab9T5tzVjpzDb4BevjGxsjlu0=</latexit>
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<latexit sha1_base64="fTJ7zS7P7ASVE0+PnRTlmH8hHcw="></latexit>

T

<latexit sha1_base64="KZz/obC0wQXMPb2wO8hVGlQkxKs=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZIKgHMeDFYwLZIBlCT6eStOlZ6O4RwpAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8mPBlXacbyuzsrq2vpHdtLe2d3b3cvsHdRUlkmGNRSKSTZ8qFDzEmuZaYDOWSANfYMMf3kzyxj1KxaOwqkcxegHth7zHGdXGqlQ7ubxTcKYiy+DOIX/9YV/F7192uZP7bHcjlgQYaiaoUi3XibWXUqk5Ezi224nCmLIh7WPLYEgDVF46HXRMTozTJb1ImhdqMnV/d6Q0UGoU+KYyoHqgFrOJ+V/WSnTvwkt5GCcaQzb7qJcIoiMy2Zp0uUSmxcgAZZKbWQkbUEmZNrexzRHcxZWXoV4suGeFy4qTLxVhpiwcwTGcggvnUIJbKEMNGCA8wBM8W3fWo/Vivc5KM9a85xD+yHr7AfiQkAE=</latexit>

T�1

<latexit sha1_base64="C9YOHdMLwI2kmdhpDuogElLOrpw=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcGOZKYK6EAtuXFboDdqxZNK0Dc1kQpIRytCHcONCERdufAPfw434NqaXhbb+EPj4/3PIOSeUnGnjed9OZml5ZXUtu+5ubG5t7+R292o6ThShVRLzWDVCrClnglYNM5w2pKI4Cjmth4PrcV6/p0qzWFTMUNIgwj3BuoxgY616Bd2lJ/6onct7BW8itAj+DPJXH+6lfPtyy+3cZ6sTkySiwhCOtW76njRBipVhhNOR20o0lZgMcI82LQocUR2kk3FH6Mg6HdSNlX3CoIn7uyPFkdbDKLSVETZ9PZ+Nzf+yZmK650HKhEwMFWT6UTfhyMRovDvqMEWJ4UMLmChmZ0WkjxUmxl7ItUfw51dehFqx4J8WLm69fKkIU2XhAA7hGHw4gxLcQBmqQGAAD/AEz450Hp0X53VamnFmPfvwR877D6GekhE=</latexit>

D

<latexit sha1_base64="ZIxEaCMBO9Si4+iuo+OaGly60mQ=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZIKgHMaAHjwmYBZIh9HRqkjY9C909Qgh5Ai8eFPGqD+F7eBHfxs5y0MQfGj7+v4quKj8RXGnH+bYyS8srq2vZdXtjc2t7J7e7V1NxKhlWWSxi2fCpQsEjrGquBTYSiTT0Bdb9/tU4r9+jVDyObvUgQS+k3YgHnFFtrMp1O5d3Cs5EZBHcGeQvP+yL5P3LLrdzn61OzNIQI80EVarpOon2hlRqzgSO7FaqMKGsT7vYNBjREJU3nAw6IkfG6ZAgluZFmkzc3x1DGio1CH1TGVLdU/PZ2Pwva6Y6OPOGPEpSjRGbfhSkguiYjLcmHS6RaTEwQJnkZlbCelRSps1tbHMEd37lRagVC+5J4bzi5EtFmCoLB3AIx+DCKZTgBspQBQYID/AEz9ad9Wi9WK/T0ow169mHP7LefgDgUI/x</latexit>
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<latexit sha1_base64="JTKgVdIc1ZYU2X2fNnW4raF2D8c="></latexit>

ui · vj = 0 if �i 6= �j

<latexit sha1_base64="6K6CNAiy56HRjbUiHH9V9W6OZGM="></latexit>



Comment on exceptions
There are matrices that cannot be diagonalised. For example:

✓
a 1
0 a

◆

<latexit sha1_base64="ZdcowLABi8kprF66qag7s0rJvSs="></latexit>

which has eigenvalue a but only one eigenvector and cannot be diagonalised. It is an example of 
a Jordan form, which can be generalised. However, these matrices are singular exceptions 
because

✓
a 1
0 a+ ✏

◆
where ✏ 6= 0

<latexit sha1_base64="FFt0hi9bG2rrYUvMSLywLagXN70="></latexit>

can be diagonalised, but the eigenvectors are close to linearly dependent as  ✏ ! 0

<latexit sha1_base64="A4kJytHgEyoamGBAVJOB/IOOZuI=">AAACA3icbVBNS8NAEN34WetX1JteFlvBU0mKoN6KXjxWsB/QhLLZTtulm92wu1FKKHjxr3jxoIhX/4Q3/41Jm4O2Phh4vDfDzLwg4kwbx/m2lpZXVtfWCxvFza3tnV17b7+pZawoNKjkUrUDooEzAQ3DDId2pICEAYdWMLrO/NY9KM2kuDPjCPyQDATrM0pMKnXtw7IHkWZcCuwpNhgaopR8wE4ZF7t2yak4U+BF4uakhHLUu/aX15M0DkEYyonWHdeJjJ8QZRjlMCl6sYaI0BEZQCelgoSg/WT6wwSfpEoP96VKSxg8VX9PJCTUehwGaWdIzFDPe5n4n9eJTf/CT5iIYgOCzhb1Y46NxFkguMcUUMPHKSFUsfRWTIdEEWrS2LIQ3PmXF0mzWnHPKpe31VLtKo+jgI7QMTpFLjpHNXSD6qiBKHpEz+gVvVlP1ov1bn3MWpesfOYA/YH1+QMyIJaW</latexit>



Linear dynamical systems
Consider ẋ = Ax

<latexit sha1_base64="Q3ikZTyRrgnAfZ3ILaTx6MuGjCk=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwrEVCWoEjAgFVgYi0QfUhtVjuu0Vp2H7BtEFWVh4VdYGECIlX9g429w2gzQciRLx+fce+173EhwBZb1bRQWFpeWV4qrpbX1jc0tc3unqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7us781j2TiofBHYwj5vhkEHCPUwJa6pn73X4ISdJ1PfyQpvgIX+BLnF9LPbNsVawJ8Dyxc1JGOeo980uPo7HPAqCCKNWxrQichEjgVLC01I0ViwgdkQHraBoQnyknmWyR4kOt9LEXSn0CwBP1d0dCfKXGvqsrfQJDNetl4n9eJwbvzEl4EMXAAjp9yIsFhhBnkeA+l4yCGGtCqOT6r5gOiSQUdHBZCPbsyvOkeVKxq5Xz22q5dpXHUUR76AAdIxudohq6QXXUQBQ9omf0it6MJ+PFeDc+pqUFI+/ZRX9gfP4ACimXAA==</latexit>

Diagonalise A by the change of variables y=Tx

ẏ = ˙Tx = T ẋ = TAx = TAT�1Tx = Dy

<latexit sha1_base64="6v6zLDU43LX1TovdmB/2QbZiZ7Q="></latexit>

i.e. 
y =

0

B@
c1 exp(�1t)
c2 exp(�2t)

...

1

CA

<latexit sha1_base64="DQrdsRC8Yyembz5KwsVH+dBwlRA="></latexit>

ẏi = �iyi )
yi = ci exp(�it)

<latexit sha1_base64="O8ztkGyxoPKVzkwXHiA9O8wok1M="></latexit>
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1
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i civi exp(�it)

<latexit sha1_base64="xoke7N54+HaD/B3qoJTUX3pLv20="></latexit>

ci determined by initial
conditions:

P
i civi = x(0)

<latexit sha1_base64="lXzt4wCB6DEjSULdm+Hg+f1aEfo="></latexit>



Stability
So, it follows that the dynamical system

ẋ = Ax

<latexit sha1_base64="Q3ikZTyRrgnAfZ3ILaTx6MuGjCk=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwrEVCWoEjAgFVgYi0QfUhtVjuu0Vp2H7BtEFWVh4VdYGECIlX9g429w2gzQciRLx+fce+173EhwBZb1bRQWFpeWV4qrpbX1jc0tc3unqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7us781j2TiofBHYwj5vhkEHCPUwJa6pn73X4ISdJ1PfyQpvgIX+BLnF9LPbNsVawJ8Dyxc1JGOeo980uPo7HPAqCCKNWxrQichEjgVLC01I0ViwgdkQHraBoQnyknmWyR4kOt9LEXSn0CwBP1d0dCfKXGvqsrfQJDNetl4n9eJwbvzEl4EMXAAjp9yIsFhhBnkeA+l4yCGGtCqOT6r5gOiSQUdHBZCPbsyvOkeVKxq5Xz22q5dpXHUUR76AAdIxudohq6QXXUQBQ9omf0it6MJ+PFeDc+pqUFI+/ZRX9gfP4ACimXAA==</latexit>

has the solution

x =
P

i civi exp(�it)

<latexit sha1_base64="dJgs+BohUimbzKdbN9NsVHp5jfQ=">AAACI3icbVDLSgMxFM3UV62vUZduLrZC3ZSZIvgAoejGZQX7gE4pmTTThmYeJJnSMvRf3PgrblwoxY0L/8VM24W2HrhwOOfem9zjRpxJZVlfRmZtfWNzK7ud29nd2z8wD4/qMowFoTUS8lA0XSwpZwGtKaY4bUaCYt/ltOEO7lO/MaRCsjB4UuOItn3cC5jHCFZa6pg3hcRxPRjBBOAWHBn70GFAdM304UQzh44iKILD9douTn0F54Vcx8xbJWsGWCX2guTRAtWOOXW6IYl9GijCsZQt24pUO8FCMcLpJOfEkkaYDHCPtjQNsE9lO5ndOIEzrXTBC4WuQMFM/T2RYF/Kse/qTh+rvlz2UvE/rxUr76qdsCCKFQ3I/CEv5qBCSAODLhOUKD7WBBPB9F+B9LHAROlY0xDs5ZNXSb1csi9K14/lfOVuEUcWnaBTVEQ2ukQV9ICqqIYIekav6B19GC/GmzE1PuetGWMxc4z+wPj+ATjroO0=</latexit>

and therefore

x ! 0 as t ! 1 if the real part of �i are negative for all eigenvalues

<latexit sha1_base64="xxzy8EzsutlTJ5QEJw5yjEG5nSw="></latexit>

Intuitively we may say that the system is stable since, if it is at its fixed point and there is a 
perturbation, the deviation will decay exponentially and the system will return to its resting 
state. BUT WE NEED TO BE CAREFUL HERE!!!

time scales



A complication
Consider

with eigenvalues

�1 = �1 �2 = �1 + ✏

<latexit sha1_base64="oofUgJE9MBoBRcXL5iX/nf/8Bz0="></latexit>

clearly, if     is small, both eigenvalues have 
negative real part.

✏

<latexit sha1_base64="FdUv1nVnnAf4bvZnep49lbP5S6Y=">AAAB8HicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZEdSFWHTjsoK9SDuUTJppQ3MjyQil9CncuFBE3Pki7t2Ib2Om7UJbfwh8/P855JwTK0aNDYJvL7ewuLS8kl/119Y3NrcK2zs1I1ONSRVLJnUjRoYwKkjVUstIQ2mCeMxIPe5fZXn9nmhDpbi1A0UijrqCJhQj66y7FlGGMin8dqEYlIKx4DyEUyhefPjn6u3Lr7QLn62OxCknwmKGjGmGgbLREGlLMSMjv5UaohDuoy5pOhSIExMNxwOP4IFzOjCR2j1h4dj93TFE3JgBj10lR7ZnZrPM/C9rpjY5jYZUqNQSgScfJSmDVsJse9ihmmDLBg4Q1tTNCnEPaYStu1F2hHB25XmoHZXC49LZTVAsX4KJ8mAP7INDEIITUAbXoAKqAAMOHsATePa09+i9eK+T0pw37dkFf+S9/wDnqJN9</latexit>

So, while it is true that the system 
converges to zero given enough time, 
there can be large deviations before 
this happens…
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<latexit sha1_base64="HbcBfjjhqbJRkWDduZA//Kb4nMQ=">AAAB63icbVC7SgNBFL3rM8ZXVLCxGQyCVdgVQe1CbCwTMA9IljA7mU2GzMwuM7NiWPILNhaK2Fr6F36BnY3f4mySQhMPXDiccy/33hPEnGnjul/O0vLK6tp6biO/ubW9s1vY22/oKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvM795R5Vmkbw1o5j6AvclCxnBJpPuu16+Wyi6JXcCtEi8GSmWD2vf7L3yUe0WPju9iCSCSkM41rrtubHxU6wMI5yO851E0xiTIe7TtqUSC6r9dHLrGJ1YpYfCSNmSBk3U3xMpFlqPRGA7BTYDPe9l4n9eOzHhpZ8yGSeGSjJdFCYcmQhlj6MeU5QYPrIEE8XsrYgMsMLE2HiyELz5lxdJ46zknZeuajaNCkyRgyM4hlPw4ALKcANVqAOBATzAEzw7wnl0XpzXaeuSM5s5gD9w3n4AI1CRXQ==</latexit>

x2

<latexit sha1_base64="cif4d+nUaONmNR9PkaE3NEYaZtE=">AAAB63icbVC7SgNBFL0bXzG+ooKNzWAQrMJuENQuxMYyAfOAZAmzk0kyZGZ2mZkVw5JfsLFQxNbSv/AL7Gz8FmeTFJp44MLhnHu5954g4kwb1/1yMiura+sb2c3c1vbO7l5+/6Chw1gRWichD1UrwJpyJmndMMNpK1IUi4DTZjC6Tv3mHVWahfLWjCPqCzyQrM8INql03y3luvmCW3SnQMvEm5NC+aj2zd4rH9Vu/rPTC0ksqDSEY63bnhsZP8HKMMLpJNeJNY0wGeEBbVsqsaDaT6a3TtCpVXqoHypb0qCp+nsiwULrsQhsp8BmqBe9VPzPa8emf+knTEaxoZLMFvVjjkyI0sdRjylKDB9bgoli9lZEhlhhYmw8aQje4svLpFEqeufFq5pNowIzZOEYTuAMPLiAMtxAFepAYAgP8ATPjnAenRfnddaaceYzh/AHztsPJNWRXg==</latexit>

t

<latexit sha1_base64="EBZS7G96Qo7oGVuNtIp2A5s9YAY=">AAAB6XicbZBNS8NAEIYn9avGr6pHL4tF8FQSEdSDWPTisYr9gDaUzXbTLt1swu5EKKX/wIsHRbz2x3j3Iv4bk7YHbX1h4eF9Z9iZ8WMpDDrOt5VbWl5ZXcuv2xubW9s7hd29mokSzXiVRTLSDZ8aLoXiVRQoeSPWnIa+5HW/f5Pl9UeujYjUAw5i7oW0q0QgGMXUuke7XSg6JWcisgjuDIpXH/ZlPP6yK+3CZ6sTsSTkCpmkxjRdJ0ZvSDUKJvnIbiWGx5T1aZc3U1Q05MYbTiYdkaPU6ZAg0ulTSCbu744hDY0ZhH5aGVLsmfksM//LmgkG595QqDhBrtj0oyCRBCOSrU06QnOGcpACZVqksxLWo5oyTI+THcGdX3kRaicl97R0cecUy9cwVR4O4BCOwYUzKMMtVKAKDAJ4ghd4tfrWs/VmvU9Lc9asZx/+yBr/AHgfkFU=</latexit>

✏ = 0.5

<latexit sha1_base64="+VsjpW4pcHVY4oQXGOVzmxmGqog=">AAAB9XicbVDLSgMxFM34rOOr6tJNsAiuhhlR1EWx6MZlBfuAdiyZNNOGZpKQZJQy9D/cuPCBWz/DvRvxb0wfC209cOFwzr3ce08kGdXG97+dufmFxaXl3Iq7ura+sZnf2q5qkSpMKlgwoeoR0oRRTiqGGkbqUhGURIzUot7l0K/dEaWp4DemL0mYoA6nMcXIWOm2SaSmTHBYhL533MoXfM8fAc6SYEIK5x9uUb58ueVW/rPZFjhNCDeYIa0bgS9NmCFlKGZk4DZTTSTCPdQhDUs5SogOs9HVA7hvlTaMhbLFDRypvycylGjdTyLbmSDT1dPeUPzPa6QmPg0zymVqCMfjRXHKoBFwGAFsU0WwYX1LEFbU3gpxFymEjQ3KtSEE0y/PkuqhFxx5Z9d+oXQBxsiBXbAHDkAATkAJXIEyqAAMFHgAT+DZuXcenVfnbdw650xmdsAfOO8/QPWUtQ==</latexit>

A =

✓
�1 3
0 �1 + ✏

◆

<latexit sha1_base64="ADLMYjHo6CbDBK7BuB9ZNWh9gPM="></latexit>



Why does this happen?
The answer is actually very simple. The solution is a sum of exponentials

x =
P

i civi exp(�it)

<latexit sha1_base64="dJgs+BohUimbzKdbN9NsVHp5jfQ=">AAACI3icbVDLSgMxFM3UV62vUZduLrZC3ZSZIvgAoejGZQX7gE4pmTTThmYeJJnSMvRf3PgrblwoxY0L/8VM24W2HrhwOOfem9zjRpxJZVlfRmZtfWNzK7ud29nd2z8wD4/qMowFoTUS8lA0XSwpZwGtKaY4bUaCYt/ltOEO7lO/MaRCsjB4UuOItn3cC5jHCFZa6pg3hcRxPRjBBOAWHBn70GFAdM304UQzh44iKILD9douTn0F54Vcx8xbJWsGWCX2guTRAtWOOXW6IYl9GijCsZQt24pUO8FCMcLpJOfEkkaYDHCPtjQNsE9lO5ndOIEzrXTBC4WuQMFM/T2RYF/Kse/qTh+rvlz2UvE/rxUr76qdsCCKFQ3I/CEv5qBCSAODLhOUKD7WBBPB9F+B9LHAROlY0xDs5ZNXSb1csi9K14/lfOVuEUcWnaBTVEQ2ukQV9ICqqIYIekav6B19GC/GmzE1PuetGWMxc4z+wPj+ATjroO0=</latexit>

But even if every eigenvalue is negative, so the amplitude of each term shrinks, the sum 
can still grow because the terms can have “different signs” and cancel at t=0. As an 
illustration, look at
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<latexit sha1_base64="EBZS7G96Qo7oGVuNtIp2A5s9YAY=">AAAB6XicbZBNS8NAEIYn9avGr6pHL4tF8FQSEdSDWPTisYr9gDaUzXbTLt1swu5EKKX/wIsHRbz2x3j3Iv4bk7YHbX1h4eF9Z9iZ8WMpDDrOt5VbWl5ZXcuv2xubW9s7hd29mokSzXiVRTLSDZ8aLoXiVRQoeSPWnIa+5HW/f5Pl9UeujYjUAw5i7oW0q0QgGMXUuke7XSg6JWcisgjuDIpXH/ZlPP6yK+3CZ6sTsSTkCpmkxjRdJ0ZvSDUKJvnIbiWGx5T1aZc3U1Q05MYbTiYdkaPU6ZAg0ulTSCbu744hDY0ZhH5aGVLsmfksM//LmgkG595QqDhBrtj0oyCRBCOSrU06QnOGcpACZVqksxLWo5oyTI+THcGdX3kRaicl97R0cecUy9cwVR4O4BCOwYUzKMMtVKAKDAJ4ghd4tfrWs/VmvU9Lc9asZx/+yBr/AHgfkFU=</latexit>

f(t)

<latexit sha1_base64="L/ebFGoAGHQNrVGd/y0MC0M3xGs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJCOqt6MVjBdMW2lA22027dLMJuxshhP4GLz0o4tUf5K3/xk3bg7Y+GHi8N8PMPD/mTGnbnlmFjc2t7Z3ibmlv/+DwqHx80lJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttjx9yv/1CpWKReNZpTL0QDwULGMHaSG5Q0xelfrlq1+050DpxlqTaqPQup7NG2uyXv3uDiCQhFZpwrFTXsWPtZVhqRjidlHqJojEmYzykXUMFDqnysvmxE3RulAEKImlKaDRXf09kOFQqDX3TGWI9UqteLv7ndRMd3HoZE3GiqSCLRUHCkY5Q/jkaMEmJ5qkhmEhmbkVkhCUm2uSTh+CsvrxOWld157p+92TSuIcFinAGFaiBAzfQgEdoggsEGLzCG7xbwppaH9bnorVgLWdO4Q+srx+6EZD4</latexit>

f(t) = exp(�0.5t)� exp(�t)

<latexit sha1_base64="GJwLObE8iCiyrGfmDmgkQGNcrCE=">AAACC3icbZC7SgNBFIZnvcZ4W7W0GRKEBEnYFUUthKCNZQRzgSSE2clsMmT2wsxZcVnS29j5HDYWitj6AnZ5GycXRBN/GPj5zjmcOb8TCq7AsobGwuLS8spqai29vrG5tW3u7FZVEEnKKjQQgaw7RDHBfVYBDoLVQ8mI5whWc/pXo3rtjknFA/8W4pC1PNL1ucspAY3aZsbNQR5f4Ca7D3EOF6ziCdag8AMg3zazVtEaC88be2qypUzz8GlYistt86vZCWjkMR+oIEo1bCuEVkIkcCrYIN2MFAsJ7ZMua2jrE4+pVjK+ZYAPNOlgN5D6+YDH9PdEQjylYs/RnR6BnpqtjeB/tUYE7lkr4X4YAfPpZJEbCQwBHgWDO1wyCiLWhlDJ9V8x7RFJKOj40joEe/bkeVM9KtrHxfMbncYlmiiF9lEG5ZCNTlEJXaMyqiCKHtAzekVvxqPxYrwbH5PWBWM6s4f+yPj8BvzymZQ=</latexit>



Why it matters
Linear systems are often used to understand the (local) behaviour of non-linear 
systems. Consider

ẋ = f(x) where f : Rn ! Rn and f(x0) = 0

<latexit sha1_base64="1l7yfrkDaz6bTkM5Dp2VZ/CCaQY="></latexit>

So, the stability of a fixed point in a non-linear system can be studied through the 
linearised equations defined by the Jacobian of the system at the fixed point. But then, 
large deviations can be very problematic since the linearisation itself may break 
down…

If the system is close to its fixed point and f is “smooth enough”, then we can linearise 
the equations and study the local behaviour through

˙�x = Jx0�x+O(�x2) where Jx0 = @fi(x)
@xj

���
x=x0

<latexit sha1_base64="yxBxFMdZPEmRKnxNE71p71BJsrE=">AAACpnicbVHLbtNAFB2bR0t4BViyuSJBSoUU2RESZVGpgg2wgPJIUykOZjy5ToaOH5q5hkSDP42fYMffME4tSlquNNKZc9/nJqWShoLgt+dfuXrt+s7ujc7NW7fv3O3eu39sikoLHItCFfok4QaVzHFMkhSelBp5liicJKcvG//kG2oji/wTrUucZXyRy1QKTo6Kuz/70bwgG81REQcbJSms6hrgAN7Etv3GQQ3bAfAEoozTUnBl39UwaL0r+Dza68P3JWqE/laBA4gUpjSEKNVc2KjkmiRXkMYSBm3YXn3OryD+6rpquVjSD/hbyc11XrMPcbcXDIONwWUQtqDHWjuKu7/cuqLKMCehuDHTMChpZpumQmHdiSqD JRenfIFTB3OeoZnZjcw1PHbMHNJCu5cTbNh/MyzPjFlniYtsxDEXfQ35P9+0onR/ZmVeVoS5OGuUVgqogOZmMJcaBam1A1xo6WYFseROR3KX7TgRwosrXwbHo2H4dPj8/ah3+KKVY5c9ZI/YgIXsGTtkr9gRGzPh9bzX3gfvoz/w3/pjf3IW6nttzgO2Zf6XP/wozOc=</latexit>

Jacobian

�x = x� x0

<latexit sha1_base64="A0NiBp/ADDLUaqrz9TWd8Q2NQdA=">AAACDXicbZDLSsNAFIYn9VbrLSq4cTNYBTeWRAR1IZS6cdmCvUAbwmQyaYdOJmFmIpbQF3DjkwhuXCjiSnDvzo3P4vSiaOsPAx//OYcz5/diRqWyrA8jMzM7N7+QXcwtLa+srpnrGzUZJQKTKo5YJBoekoRRTqqKKkYasSAo9Bipe93zQb1+RYSkEb9UvZg4IWpzGlCMlLZcc7flE6YQTFteAK/78OyHDr7JtVwzbxWsoeA02GPIF7cqn/Su9Fp2zfeWH+EkJFxhhqRs2lasnBQJRTEj/VwrkSRGuIvapKmRo5BIJx1e04d72vFhEAn9uIJD9/dEikIpe6GnO0OkOnKyNjD/qzUTFZw4KeVxogjHo0VBwqCK4CAa6FNBsGI9DQgLqv8KcQcJhJUOMKdDsCdPnobaYcE+KpxWdBolMFIWbIMdsA9scAyK4AKUQRVgcAPuwSN4Mm6NB+PZeBm1ZozxzCb4I+PtC9DHndc=</latexit>



Stability in linear systems revisited
Consider (again) ẋ = Ax

<latexit sha1_base64="Q3ikZTyRrgnAfZ3ILaTx6MuGjCk=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwrEVCWoEjAgFVgYi0QfUhtVjuu0Vp2H7BtEFWVh4VdYGECIlX9g429w2gzQciRLx+fce+173EhwBZb1bRQWFpeWV4qrpbX1jc0tc3unqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7us781j2TiofBHYwj5vhkEHCPUwJa6pn73X4ISdJ1PfyQpvgIX+BLnF9LPbNsVawJ8Dyxc1JGOeo980uPo7HPAqCCKNWxrQichEjgVLC01I0ViwgdkQHraBoQnyknmWyR4kOt9LEXSn0CwBP1d0dCfKXGvqsrfQJDNetl4n9eJwbvzEl4EMXAAjp9yIsFhhBnkeA+l4yCGGtCqOT6r5gOiSQUdHBZCPbsyvOkeVKxq5Xz22q5dpXHUUR76AAdIxudohq6QXXUQBQ9omf0it6MJ+PFeDc+pqUFI+/ZRX9gfP4ACimXAA==</latexit>

We would like a condition that ensures deviations to decay monotonically with time, i.e.

d(x·x)
dt < 0

<latexit sha1_base64="Awf2yi5d4nntPAiYbEuR13a/GLo=">AAACFHicbVC7SgNBFJ2NrxhfUUubwUSICGE3CCpYBG0sI5gHZEOYnZ1Nhsw+mLkrhmU/wsZfsbFQxNbCzr9xkmyhiQcunDnnXube40SCKzDNbyO3tLyyupZfL2xsbm3vFHf3WiqMJWVNGopQdhyimOABawIHwTqRZMR3BGs7o+uJ375nUvEwuINxxHo+GQTc45SAlvrFk7LtSUITt5LYjocfUmxTNwScvY7TxIUU40tslnG/WDKr5hR4kVgZKaEMjX7xy3ZDGvssACqIUl3LjKCXEAmcCpYW7FixiNARGbCupgHxmeol06NSfKQVF3uh1BUAnqq/JxLiKzX2Hd3pExiqeW8i/ud1Y/DOewkPohhYQGcfebHAEOJJQtjlklEQY00IlVzviumQ6JBA51jQIVjzJy+SVq1qnVYvbmul+lUWRx4doENUQRY6Q3V0gxqoiSh6RM/oFb0ZT8aL8W58zFpzRjazj/7A+PwBwZycug==</latexit>

deviation 

xTAx < 0

<latexit sha1_base64="itXCbS/BbEqlLlPcDYzDfSdugEw=">AAACBHicbVC7SgNBFL0bXzG+Vi3TDCaCVdgNggoWURvLCHlBsobZyWwyZPbBzKwYlhQ2/oqNhSK2foSdf+MkWUETD1w4c869zL3HjTiTyrK+jMzS8srqWnY9t7G5tb1j7u41ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXk385h0VkoVBTY0i6vi4HzCPEay01DXzxaTjeuh+jG5r6AL9PNA5sopds2CVrCnQIrFTUoAU1a752emFJPZpoAjHUrZtK1JOgoVihNNxrhNLGmEyxH3a1jTAPpVOMj1ijA610kNeKHQFCk3V3xMJ9qUc+a7u9LEayHlvIv7ntWPlnToJC6JY0YDMPvJijlSIJomgHhOUKD7SBBPB9K6IDLDAROnccjoEe/7kRdIol+zj0tlNuVC5TOPIQh4O4AhsOIEKXEMV6kDgAZ7gBV6NR+PZeDPeZ60ZI53Zhz8wPr4Bs6yVkg==</latexit>

Since xTAx is a number, xTAx = (xTAx)T = xTATx

<latexit sha1_base64="/4ZZFxM8xHLHCRpl/vYZ3L/6vJA=">AAACXHicbVHLSgMxFM2Mr1pfVcGNm4tVUJAyI4K6EKpuXCpaFdpaMumdNjSTGZKMWIb+pLtu/BVN6yC19kLCyTnn5nESJIJr43lDx52bX1hcKiwXV1bX1jdKm1tPOk4VwxqLRaxeAqpRcIk1w43Al0QhjQKBz0HvZqQ/v6HSPJaPpp9gM6IdyUPOqLFUq6QfuGQI+1kjCOF98PoIV5DjfeAaKMg0ClAdz7TAJRzOoI/Ari5hUrHT77atUtmreOOC/8DPQZnkddcqfTTaMUsjlIYJqnXd9xLTzKgynAkcFBupxoSyHu1g3UJJI9TNbBzOAA4s04YwVnZIA2N2siOjkdb9KLDOiJquntZG5CytnprwvJlxmaQGJfs5KEwFmBhGSUObK2RG9C2gTHF7V2Bdqigz9j+KNgR/+sn/wdNJxT+tXNyflKvXeRwFskv2yCHxyRmpkltyR2qEkSH5cgrOsvPpzrsr7tqP1XXynm3yp9ydb1Jqr8g=</latexit>

Let vi be eigenvectors of As, which are orthogonal since As is symmetric.

<latexit sha1_base64="XCEFn3k4fAzYKHku+Z+IowznsaQ="></latexit>

Let x =
P

i aivi, then

<latexit sha1_base64="5k4J8O0oZ0xIFx/pFiMSnKLYD6I=">AAACFHicbVC7SgNBFJ2NrxhfUUubwUQQlLAbBLUQgjYWFhHMA5IQZid3kyGzD2buBsOSj7DxV2wsFLG1sPNvnDwKjR64cDjnXGbucSMpNNr2l5VaWFxaXkmvZtbWNza3sts7VR3GikOFhzJUdZdpkCKACgqUUI8UMN+VUHP7V2O/NgClRRjc4TCCls+6gfAEZ2ikdvboBpDmk6br0fsRvaBNHfu0LSgzM1EHo7bIH1PsgUnn7II9Af1LnBnJkRnK7exnsxPy2IcAuWRaNxw7wlbCFAouYZRpxhoixvusCw1DA+aDbiWTo0b0wCgd6oXKTIB0ov7cSJiv9dB3TdJn2NPz3lj8z2vE6J21EhFEMULApw95saQY0nFDtCMUcJRDQxhXwvyV8h5TjKPpMWNKcOZP/kuqxYJzUji/LeZKl7M60mSP7JND4pBTUiLXpEwqhJMH8kReyKv1aD1bb9b7NJqyZju75Besj29y8ZyY</latexit>

Asvi = µivi

<latexit sha1_base64="pBCjtU4zinpJY/SsFuz/EsqnRyI=">AAACCXicbZDLSgMxFIYzXmu9jbpUJFgEV2VGBHUhVN24bMFeoB2HTJppQ5PMkGQKZehSN76KGxdKcesbuPMZfAnTC6KtPwQ+/nMOJ+cPYkaVdpxPa25+YXFpObOSXV1b39i0t7YrKkokJmUcsUjWAqQIo4KUNdWM1GJJEA8YqQad62G92iVS0Ujc6l5MPI5agoYUI20s34aXdwqmjSCE3b5P4QVs8AQa+LF8O+fknZHgLLgTyBX2BqWv+/1B0bc/Gs0IJ5wIjRlSqu46sfZSJDXFjPSzjUSRGOEOapG6QYE4UV46uqQPD43ThGEkzRMajtzfEyniSvV4YDo50m01XRua/9XqiQ7PvJSKONFE4PGiMGFQR3AYC2xSSbBmPQMIS2r+CnEbSYS1CS9rQnCnT56FynHePcmfl0waV2CsDNgFB+AIuOAUFMANKIIywOABPIEX8Go9Ws/WwHobt85Zk5kd8EfW+zdGSZyH</latexit>
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<latexit sha1_base64="dE84N30VR+85J/P7lwOW1kCsoMA="></latexit>

< 0 if µi < 0

<latexit sha1_base64="fvavxN1l10YoVCjBZem1CJV6HdU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWwEVyUpggpdFN24rGAf0IYwmU7aoTOTMDMRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSrvttFVZW19Y3ipulre2d3T17/6Cl4lRi0sQxi2UnRIowKkhTU81IJ5EE8ZCRdji6mfrtByIVjcW9HifE52ggaEQx0kYK7COn5jqQRtDp8RQGFNag6wR22a24M8Bl4uWkDHI0Avur149xyonQmCGlup6baD9DUlPMyKTUSxVJEB6hAekaKhAnys9m10/gqVH6MIqlKaHhTP09kSGu1JiHppMjPVSL3lT8z+umOrr0MyqSVBOB54uilEEdw2kUsE8lwZqNDUFYUnMrxEMkEdYmsJIJwVt8eZm0qhXvvHJ1Vy3Xr/M4iuAYnIAz4IELUAe3oAGaAINH8AxewZv1ZL1Y79bHvLVg5TOH4A+szx/3wZJa</latexit>

Symmetry ! µi and ai are real

<latexit sha1_base64="xBTweem3zJbndqHF9CsoqvdUj+M=">AAACG3icbVBNSwMxEM36bf2qevQSbAVPZbcI6q3oxaOiVaEtZTadtsEkuySzylL8H178K148KOJJ8OC/Ma09+PUg8PLezCTz4lRJR2H4EUxMTk3PzM7NFxYWl5ZXiqtr5y7JrMC6SFRiL2NwqKTBOklSeJlaBB0rvIivDof+xTVaJxNzRnmKLQ09I7tSAHmpXaye5loj2ZyXm1b2+gTWJjdlf9MZb8syB9PhZRgxi9yPVu1iKayEI/C/JBqTEhvjuF18a3YSkWk0JBQ414jClFoDsCSFwttCM3OYgriCHjY8NaDRtQaj3W75llc6vJtYfwzxkfq9YwDauVzHvlID9d1vbyj+5zUy6u61BtKkGaERXw91M8Up4cOgeEdaFKRyT0BY6f/KRR8sCPJxFnwI0e+V/5LzaiXaqeyfVEu1g3Ecc2yDbbJtFrFdVmNH7JjVmWB37IE9sefgPngMXoLXr9KJYNyzzn4geP8ESUmfrg==</latexit>

xTAx = 1
2x

T (A+AT )x = xTAsx

<latexit sha1_base64="q5Kfhky8rYJIJf1hgxfUSQmb9Jw="></latexit>

defining As

<latexit sha1_base64="4ubTLK2aPfa1QzwxwOsFacK+TVo=">AAAB9XicbVDJSgNBEK1xjXGLevTSmAiewkwQ1FvUi8cIZoFs9PTUJE16eobuHiWE/IcXD4p49V+8+Td2loMmPih4vFdFVT0/EVwb1/12VlbX1jc2M1vZ7Z3dvf3cwWFNx6liWGWxiFXDpxoFl1g13AhsJApp5Aus+4PbiV9/RKV5LB/MMMF2RHuSh5xRY6VOgCGXXPZI4bqjC91c3i26U5Bl4s1JHuaodHNfrSBmaYTSMEG1bnpuYtojqgxnAsfZVqoxoWxAe9i0VNIIdXs0vXpMTq0SkDBWtqQhU/X3xIhGWg8j33ZG1PT1ojcR//OaqQkv2yMuk9SgZLNFYSqIickkAhJwhcyIoSWUKW5vJaxPFWXGBpW1IXiLLy+TWqnonRev7kv58s08jgwcwwmcgQcXUIY7qEAVGCh4hld4c56cF+fd+Zi1rjjzmSP4A+fzB2ZIkc4=</latexit>



Stability in linear systems conclusion
ẋ = Ax

<latexit sha1_base64="Q3ikZTyRrgnAfZ3ILaTx6MuGjCk=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwrEVCWoEjAgFVgYi0QfUhtVjuu0Vp2H7BtEFWVh4VdYGECIlX9g429w2gzQciRLx+fce+173EhwBZb1bRQWFpeWV4qrpbX1jc0tc3unqcJYUtagoQhl2yWKCR6wBnAQrB1JRnxXsJY7us781j2TiofBHYwj5vhkEHCPUwJa6pn73X4ISdJ1PfyQpvgIX+BLnF9LPbNsVawJ8Dyxc1JGOeo980uPo7HPAqCCKNWxrQichEjgVLC01I0ViwgdkQHraBoQnyknmWyR4kOt9LEXSn0CwBP1d0dCfKXGvqsrfQJDNetl4n9eJwbvzEl4EMXAAjp9yIsFhhBnkeA+l4yCGGtCqOT6r5gOiSQUdHBZCPbsyvOkeVKxq5Xz22q5dpXHUUR76AAdIxudohq6QXXUQBQ9omf0it6MJ+PFeDc+pqUFI+/ZRX9gfP4ACimXAA==</latexit>

If all eigenvalues of A has negative real part, the system will eventually converge
to the fixed point at zero, but deviations from zero may increase before it starts
converging.

<latexit sha1_base64="0UDHQNiOFOrPua8IsKTjByWqTog="></latexit>

If all eigenvalues of As = (A + AT )/2 are negative (they are real since As is
symmetric, any deviation measured as

p
x · x will monotonically decrease with

time. In this case A is said to be negative definite.

<latexit sha1_base64="KpSTtzvU8L3gvvBTolmCz2Ft+z0="></latexit>

Note that if the matrix is symmetric in the first place, the first situation includes the second.



Re-visit our example
Consider

with eigenvalues

�1 = �1 �2 = �1 + ✏

<latexit sha1_base64="oofUgJE9MBoBRcXL5iX/nf/8Bz0="></latexit>

✏ < 1

<latexit sha1_base64="DufB9a2FMB2VMYYO+S1LgyFTtpU=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BFvBU9ktggoeil48VrAf0K4lm862odlkSbJKWfo/vHhQxKv/xZv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloig0qORStQOigTMBDcMMh3asgEQBh1Ywupn6rUdQmklxb8Yx+BEZCBYySoyVHspdiDXjUuAr7JV7xZJbcWfAy8TLSAllqPeKX92+pEkEwlBOtO54bmz8lCjDKIdJoZtoiAkdkQF0LBUkAu2ns6sn+MQqfRxKZUsYPFN/T6Qk0nocBbYzImaoF72p+J/XSUx44adMxIkBQeeLwoRjI/E0AtxnCqjhY0sIVczeiumQKEKNDapgQ/AWX14mzWrFO6tc3lVLtessjjw6QsfoFHnoHNXQLaqjBqJIoWf0it6cJ+fFeXc+5q05J5s5RH/gfP4AtXSRWw==</latexit>

but

Q = xTAx can be positive, e.g. x = (1, 1) ) Q = 1 + ✏ > 0

<latexit sha1_base64="Tcp3Mn23uQDrkHltH71jqtdzW7I="></latexit>

For ✏ = 0.5, As has eigenvalues (approx.) �4.54 and 1.54, showing that the
system can have non-decreasing deviations.

<latexit sha1_base64="Thm7eph5ugVal1VREwguOO6xTX8="></latexit>

both negative

A =

✓
�1 3
0 �1 + ✏

◆

<latexit sha1_base64="ADLMYjHo6CbDBK7BuB9ZNWh9gPM="></latexit>



Fixed point stability and Lyaponov functions
In general it is often hard to prove that a dynamical system has a fixed point that will attract 
trajectories in some region. One method often used to approach this problem is to try to 
construct a so called Lyaponov function. Here is the idea. Consider the dynamical system

ẋ = f(x) where f : Rn ! Rn and f(0) = 0

<latexit sha1_base64="i46A76quVRp5faTEVz6sSgofExg="></latexit>

Construct a smooth scalar function V (x) : Rn ! R, that decrease with time:

V̇ = rV (x) · f(x) < 0

when x 6= 0. The function V is called a Lyaponov function.
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If there exist a Lyaponov function, then 0 is a (locally) stable fixed point.

Example: V (x) = x · x is a Lyaponov function for a linear system i↵ A is
negative definite, because then d

dtV (x) < 0.
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May’s argument
A complex systems with interacting agents (e.g. an ecosystem) can be described by a dynamical 
system. Consider a stationary state (a fixed point of that system), then the Jacobian looks like

J = �A� I
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May’s main idea was to look at the eigenvalues (spectrum) of the Jacobian and determine if the 
system was stable or not (all eigenvalues have negative real parts). As a model he assumed 
random interactions and could then use random matrix theory to estimate the spectral radius of 
A and thereby also the Jacobian.

where Aij describes the interaction between species i and j and � is a parameter
that can tune the interaction strength. The identity matrix I ensures that the
system is stable in the absence of interactions.
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Example of a spectrum
J = �A� I
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Main conclusion: when the interaction strength 
or the number of species increase, the system 
reaches a critical point and then becomes 
unstable.



Generalized Lotka-Volterra

ẋi = xi(1� xi) + �
X

j

Aijxixj

Self-regulation Interaction

Fixed points:

xi(1� xi + �
X
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1 = (1, 1, 1, 1 . . . )T
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linear equation



Jacobian

J = X(�A� I) where X = diag(x⇤
1, x

⇤
2, . . . )

<latexit sha1_base64="7DzRIMqRmAkwnKzVXCUYEaFVpiw="></latexit>

assuming x⇤
i > 0
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May’s Jacobian

depends on the fixed 
point, natural in 

interacting systems that 
are not typically linear
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